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CONSTRUCTIVE APPROXIMATION IN DE BRANGES ROVNYAK SPACES 


O. EL-FALLAH, E. FRICAIN, K. KELLAY, J. MASHREGHI, AND T. RANSFORD 


Abstract. In most classical holomorphic function spaces on the unit disk, a function / can be 
approximated in the norm of the space by its dilates fr{z) := f(rz) (r < 1). We show that this is 
not the case for the de Branges-Rovnyak spaces Hib). More precisely, we give an example of a non¬ 
extreme point b of the unit ball of and a function / € 'H{b) such that lim,_||/ 7 -||'h{ 6 ) = oo- 

It is known that, if 6 is a non-extreme point of the unit ball of , then polynomials are dense 
in T-Lib). We give the first constructive proof of this fact. 


1. Introduction 

The de Branges-Rovnyak spaces are a family of subspaces 'H(6) of the Hardy space , para¬ 
metrized by elements b of the closed unit ball of H°°. We shall give the precise definition in ^ In 
general 'H{b) is not closed in but it carries its own norm || • 11-^(6) making it a Hilbert space. 

The spaces 'H{b) were introduced by de Branges and Rovnyak in the appendix of [2] and further 
studied in their book [3]. The initial motivation was to provide canonical model spaces for certain 
types of contractions on Hilbert spaces. Subsequently it was realized that these spaces have several 
interesting connections with other topics in complex analysis and operator theory. For background 
information we refer to the books of de Branges and Rovnyak [3j, Sarason [6], and the forthcoming 
monograph of Fricain and Mashreghi [5] . 

The general theory of T-L{b)-spaces splits into two cases, according to whether b is an extreme 
point or a non-extreme point of the unit ball of For example, if b is non-extreme, then T-Lib) 
contains all functions holomorphic in a neighborhood of the closed unit disk B, whereas if b is 
extreme, then TLib) contains very few such functions. In particular, T-Lib) contains the polynomials 
if and only if b is non-extreme, and in this case, the polynomials are dense in T-Lib). Proofs of all 
these facts can be found in Sarason’s book [B]. 

The density of polynomials is proved in [6] by showing that their orthogonal complement in Tiib) 
is zero. The proof is non-constructive in the sense that it gives no clue how to find polynomial 
approximants to a given function. We know of no published work describing constructive methods 
of polynomial approximation in T-Lib), and it is surely of interest to have such methods available. 

Perhaps the most natural approach is to try using dilations. Writing friz) := firz), the idea 
is to approximate / by fr for some r < 1, and then fr by the partial sums of its Taylor series. 
This idea works in many function spaces, but, as we shall see, it fails dismally in Tiib), at least for 
certain choices of b. Indeed, it can happen that lim,.^^- ||/r||'H(6) = oo, even though / € Tiib). We 
shall prove this in ^ thereby answering a question posed in [T]. 
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This phenomenon has other negative consequences, among them the surprising fact that the 
formula for ||/||'^(ft) in terms of the Taylor coefficients of /, previously known to hold for / holo- 
morphic on a neighborhood of D, actually breaks down for general f ^T-L{h). It also shows that, in 
general, neither the Taylor partial sums of /, nor their Cesaro means need converge to / in T-L{b). 

So, to construct polynomial approximants to functions in T-Lib), a different idea is needed. In 0 
we shall describe a scheme that achieves this based on Toeplitz operators. The method presupposes 
that b is non-extreme (as it must), but one of its consequences is an approximation theorem for 
Toeplitz operators that extends even to the case when b is extreme. We shall give a proof of this 
extension in ^ 


2. Background on ^(6)-spaces 


Given '0 G L°°(T), the corresponding Toeplitz operator ^ is defined by 

T^f := P+i^Pf) if G H^), 

where P+ : L^(T) —>■ denotes the othogonal projection of L^(T) onto Clearly is a 

bounded operator on with ||r^|| < (in fact, by a theorem of Brown and Halmos, 

ll^bll ~ IIV’IIl°°(t)) but we do not need this). If /i G H°° ^ then is simply the operator of 
multiplication by h and its adjoint is T^. Consequently, if /i. A: G H°° , then TjfTj = Tj^ = a 

useful fact that we shall exploit frequently in what follows. 


Definition 2.1. Let b G P[°° with ||6||hoo < 1. The associated de Branges-Rovnyak space P{b) is 
the image of under the operator (I — We define a norm on 'H(6) making (/ — 

a partial isometry from onto ^(6), namely 

11(7 - := 11/11^2 (/ G 77^ e ker(7 - 


This is the definition of 7^(6) as given in [6]. The original definition of de Branges and Rovnyak, 
based on the notion of complementary space, is different but equivalent. An explanation of the 
equivalence can be found in [6l pp.7-8]. A third approach is to start from the positive kernel 


ktiz) 


1 — b{w)biz) 
1 — wz 


{z, w G ID), 


and to define 7^(6) as the reproducing kernel Hilbert space associated with this kernel. 

As mentioned in the introduction, the theory of 7^(6)-spaces is pervaded by a fundamental 
dichotomy, namely whether b is or is not an extreme point of the unit ball of 77°°. This dichotomy 
is illustrated by following result. 


Theorem 2.2. Let b G 77°° with < 1. The following statements are equivalent: 

(i) b is a non-extreme point of the unit ball of H°°; 

(ii) log(l - |6p) G T^(T); _ 

(iii) 7A(6) contains all functions holomorphic in a neighborhood o/D; 

(iv) 7^(7) contains all polynomials. 


Proof. The equivalence between (i) and (ii) is proved in [U Theorem 7.9]. That (i) implies (iii) is 
proved in [21 §IV-6]. Clearly (iii) implies (iv). That (iv) implies (i) follows from [21 §V-1]. □ 


Henceforth we shall simply say that b is ‘extreme’ or ‘non-extreme’, it being understood that 
this relative to the unit ball of 77°°. 

From the equivalence between (i) and (ii), it follows that, if b is non-extreme, then there is an 
outer function a such that a(0) > 0 and jaj^ -|- |7p = 1 a.e. on T (see [21 §IV-1]). The function 
a is uniquely determined by b. We shall call (7, a) a pair. The following result gives a useful 
characterization of 7^(7) in this case. 
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Theorem 2.3 (0 §IV-1]). Let b be non-extreme, let {b,a) be a pair and let f G Then 

f G 'H{b) if and only if T-j^f G Ta{H‘^). In this case, there exists a unique function /+ G such 
that T-^f = Taf^, and 

( 1 ) 11 / 11 ^( 6 ) ~ 11 / 11^2 + 11 /^ 11 ^ 2 - 


We end this section with an example that was studied in [7]. Let 

( 2 ) boiz) := 3 ^, 


where r := (\/5 — l)/2. The equivalence between (i) and (ii) in Theorem 12.21 shows that 6o is 
non-extreme, and a calculation shows that the function oq making (6o,oo) a pair is given by 


ao{z) 


^(1 - z) 

1 — t‘^z ' 


It was shown in [7] that Iq has the special property that H/rll-Hlfeo) — ll/ll'H{6o) f ^ 7^(^o) 

and all r < 1. Using a standard argument of reproducing kernel Hilbert spaces, it is easy to see 
that this implies that lim^_j,;^- \\fr — /||•K(bo) ~ shall see in the next section, this property 

is not shared by general b. 


3. Dilation in 7^(6) 

Our principal goal in this section is to prove the following theorem. 

Theorem 3.1. Let b := boB^, where bo is the function given by m, and B is the Blaschke product 
with zeros at := 1 — 4“” (n > 1). Let f{z) := “ Wnz)- Then b is non-extreme, 

f G Bib), and we have 

(3) lim |(/^)+(0)| = oo and lim ||/r||^(b) = oo. 

r —>•! r —>^1 

Notice that, by Theorem 12.31 if b is non-extreme and / G TL{b), then 

11/11^(6) > II/+II/I2 > |/+(0)|. 

Thus the second conclusion in ([3j) is actually a consequence of the first. We shall therefore con¬ 
centrate our attention on the first conclusion. 

To simplify the notation in what follows, we shall write kw{z) := 1/(1 —Wz), the Cauchy kernel. 
It is the reproducing kernel for in the sense that f{w) = (/, kyf )for all / G and tc G B. 
In particular, ||/cu ,|||^2 = {kw,^w)H'^ = kyj{w) = 1/(1 — |tcp). We remark that k^ has the useful 
property that Tj^{kw) = h{w)k^ for all h G H°°. Indeed, given g G we have 

{a,Th{kw))H^ = {hg,kyj,)H2 = h{w)g{w) = h{w){g,ky,) h-^ = {g,h{w)ku„) h'^. 

The proof of Theorem 13.11 depends on two lemmas. The first lemma provides a class of functions 
/ for which (/r)'*'(0) is readily identifiable. 

Lemma 3.2. Let b be non-extreme, let {b,a) he a pair and let (p := b/a. Let 

f ^ Cnk^n ) 

n>l 

where {wn)n>i are zeros of b and {cn)n>i are complex numbers with 'Ylin\^\0- ~ < oo. 

Then f G 7^(6) and 

(4) (/r)’^(O) = ^ CnCpirWn) (0 < r < 1). 

n>l 
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Proof. The series defining / clearly converges absolutely in Also, since = h{wn)kw^ = 0 

for all n, we have T^/ = 0, and consequently f ^^{b) by Theorem 12.31 
Now fix r G (0,1) and consider 

g ■■= '^Cn(j){rwn)k^^. 

n>l 

As {4>if'Wn))n>i is a bounded sequence, this series also converges absolutely in H^, and a simple 
calculation gives T^(/r) = Ta{gr)- Thus fr € ^(6) and (/r)^ = gr- In particular (jl]) holds. □ 

The second lemma is a technical result about Blaschke products. 

Lemma 3.3. Let B be an infinite Blaschke product whose zeros {wn)n>i he in (0,1) and satisfy 

(5) 0 < a < < /3 < i (n > 1). 

I - Wn 2 

Then there exists a constant C > 0 such that 

\B{rWn)\ > C {Wn <r < Wn+l, n > 1). 


Proof. We have 

OO 

\B{rWn)\ = Y\p{wk,rWn), 

k=l 

where p denotes the pseudo-hyperbolic metric on D, namely p{z,w) := \z — w\/\l — wz\. The 
condition jS]) implies that Wn-i < Wn for all n, and even that Wn-i < w^. Indeed, we have 

(6) 1 - < 2(1 - Wn) < 2/3(1 - Wn-l) < 1 - Wn-l. 

It follows that, if r G [wn,Wn+i], then rwn G [uf^^WnWn+i] C {wn-i,Wn), and consequently 

n—2 OO 

(7) \B{rWn)\ > p{Wk,Wn-l)'^ X p{Wn-l,wl) X p{Wn,WnWn+l) X ( P{Wk,Wn)'^. 

k=l k=n-\-l 

Thus the lemma will be proved if we can show that each of the four terms on the right-hand side 
of ([7]) is bounded below by a positive constant independent of n. 

By m Theorem 9.2], the condition ([5]) implies that the sequence (wn) is uniformly separated, 
in other words, there exists a constant C > 0 such that 


Y[p{wk,Wj) >C' (i > 1). 

Applying this with j = n — 1 and j = n takes care of the first and fourth terms in (j7|). 

For the second term in d?]), note that Q gives w'^ — Wn-i > (1 — 2/3)(l — Wn-i), and clearly also 
1 - w^^Wn-i < 1 - Wn-l ^ 2(1 - Wn-l), whence 


P{Wn- 



wl - Wn-l ^ 1-213 
1 - wlWn-l ~ 2 


Finally, for the third term in ([7|), we observe that Wn — WnWn+i > wi(l 
1 - wlwn+l = (1 - Wn) + {Wn “ w"^) + {w'i - W^Wn+l) < 3(1 - Wn), whence 


p{Wn,WnWn+l) 


Wn - WnWn+l . Wi 1 - Wn+l . Wi 

--- >-> —a 

1 - wiWn+l 2, I - Wn 3 


Wn+l) and also 


□ 
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Proof of Theorem \3.1\ . As remarked in ^21 the function 6o is non-extreme and the function oq 
making {bo, oq) a pair satisfies cpo := bo/ao = z/{l — z). As b and bg have the same outer factors, it 
follows that b is non-extreme and the function a making (b, a) a pair is just oq. Hence (f := b/a = 
Bf^bg/Og = 

By Lemma 13.21 we have / E T-L{b). The lemma also gives that 

(/r-)+(0) = = ^2-^B{rWnf-^^. 

n>l n>l 

As the terms in this series are non-negative, each one of them provides a lower bound for the sum. 
Given r E [rci, 1), we choose n so that Wn < r < Wn+i- By Lemma [TS] we have \B{rWn)\ > C > 0, 
where C is a constant independent of r and n. Thus 

(/r-)+(0) > 2-^C^ > 2-^C^^^ X 2” X (1 - r)-^/^. 

1 — rwn 1 — w:^ 

In particular (/r)^(O) —>■ oo as r ^ 1“, as claimed. Finally, as already remarked, this implies that 
\\fr\\n(b) ^ OO as r ^ 1-. □ 

We now present some consequences of this result. 

Corollary 3.4. Let b, f be as in Theorem AS.l\. Then the Taylor partial sums Snif) of f and their 
Cesdro means (Tn{f) satisfy 

limsup ||sn(/)||H(fe) = oo and limsup ||an(/)||^(f,) = oo. 

n^oo n—>-oo 

Proof. This follows immediately from Theorem 13.11 and the elementary identities 

fr = ~ /r = + ^ 

n>0 n>0 

Let b be non-extreme, let (6, a) be a pair and let 4> ■= b/a, say 4>{z) = Ylj>o It was shown 

in [U Theorem 4.1] that, if / is holomorphic in a neighborhood of D, say f{z) = Ylk>o ^ 

then the series Ylj>o fid + ^)4>ij) converges absolutely for each k, and 

(8) m'ita, = E +EiEh^ + 

k>0 k>0 j>0 

It was left open whether the same formula holds for all / E T-L{b). Using Theorem 13.11 we can now 
show that it does not. 

Corollary 3.5. Let b,f be as in Theorem \d.ll Then Ylj>o fid)^ij) diverges. 

Proof. For r E (0,1), the dilated function fr is holomorphic in a neighborhood of B, and the 
argument in m that establishes the formula ([S]) shows that (/r)^(O) = fij)4>ij)- H b, f are 

as in Theorem [Q then (/r)'''(0) —)• oo as r —1 , in other words, lim^.^^- Y^j>g'^^fij)(t>{j) = oo. 
By Abel’s theorem, it follows that the series Ylj>o fif)^id) diverges. □ 

In Theorem 13.11 we chose bg so as to have a simple concrete example. With a more astute 
choice, we can prove more, obtaining examples where jj/rll-Hlft) grows ‘fast’. There is a limit on 
how fast it can grow: it was shown in [U Theorem 5.2] that, if b is non-extreme and / E TL{b), 
then log^ ||/r||'H{6) = o((l “ as r —)■ 1~. We now prove that this estimate is sharp. 

Theorem 3.6. Let ^ : (0,1) —>■ (l,oo) be a function such that log'y{r) = o((l —r)“^). Then there 
exist b non-extreme and f E Tiib) such that ll/r||'H(fe) ^ 7(r’) for all r in some interval (rg, 1). 
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Proof. Let (j)i be any function in the Smirnov class N~^ that is positive and increasing on (0,1). To 
say that (fi E N~^ means we can write (pi = bifai, where ai,bi E and ai is outer. Multiplying 
ai and bi by an appropriately chosen outer function, we may further ensure that |ap + |6p = 1 a.e. 
on T and that ai(0) > 0, in other words, that (6i, ai) is a pair. Repeating the proof of Theorem l3.ll 
with bo replaced by bi (but with the same B), we obtain f ^T-iib) such that 

(/r)+(0) > C\l - r)i/2<^i(8r - 7) (3/4 < r < 1). 

Since log 7 (r) = o((l — it is possible to choose cpi so that right-hand side exceeds 7 (r) for 

all r sufficiently close to 1. For these r, we therefore have ||/r||'H(6) ^ ^ 7(^)- 

4. Polynomial approximation in 77(6) 

In this section we present a recipe for polynomial approximation in 77(6) when 6 is non-extreme. 
It is based upon three lemmas. 

Lemma 4.1. Let h E 77°° and let p be a polynomial. Then T-j^p is a polynomial. 

Proof. If k is strictly larger than the degree of p, then (T^p, z^)h‘^ = (p, z^h)jj 2 =0. □ 

Lemma 4.2. Let h E 77°° with ||/i||ji^oo < 1. Then, for all g E 77°°, we have 

WTj^g-<2{l-Rehm\\g\L- 

Proof. Expanding the left-hand side, we obtain 

11 ^ 7^7 ~ — 11 ^ 77511 + 11 < 711 — 2Re{Tj^g, g) ^2 

< 2||5lllf2 -2Re{g,hg)H2 

S2||<)||J,*/ (1 - ReMe’")) ^ 

= 2||5(||^oo (1 — Re/i(0)). □ 

Lemma 4.3. Let 6 he non-extreme and let {h,a) he a pair. If h ^ aH°°, then Tj^ is a bounded 
operator from 77^ into Tiib) and \\Tjf\\ij 2 ^-iny^ < ||6,/a||/foo. 

Proof. Let h = aho, where ho E 77°°. For / E 77^, we have 

so, by Theorem 12.31 T^/ E 77(6) and (T^/)+ = T-j^^T-^f. Consequently 

ll?F/llH(fe) = ll?F/llH= + ll?7o^7/llH^ 

= \\TnTiif\\l2 + \\T-^T-J\\l, 

<||ho|||,oc(||r^/||^2 + ||r^/||^.) 

<ll^o|||ioc||/||^„ 

the last inequality coming from the fact that |ap -|- |6p = 1 a.e. on T, since (6, a) is a pair. □ 
We now put these results together to produce a new, constructive proof of the following result. 
Theorem 4.4. If b is non-extreme, then polynomials are dense in 77(6). 
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Proof. Let / G 'H(6) and let e > 0. Pick gi,g 2 G H°° such that Wf — giWn^ < e and \\f~^ — g 2 \\H‘^ < e- 
Then pick h G oLT”® such that ||h||j:foo < 1 and 2(1 — Re/i(0)) < e^/dlffi||^oo + || 5 ' 2 ||^oo). (For 
example, let h be the outer function satisfying /i(0) > 0 and \h\ = min{l,n|a|}, where n is chosen 
sufficiently large.) Finally, pick a polynomial p such that ||/ — p ||//2 < e/||/i/a||j:^oo. Then, by 
Lemma ITT] Tjy is a polynomial, and we shall show that ||/ — < 6e. 

First of all, using Lemma 14.21 we have 

11 / - < 11 / - gi\\H^ + \\gi - Tj^giWH^ + WT-j^gi - r^/lb^ 

< 11/ - giWn^ + V2(l - Reh{0))^/^\\gi\\H^ + \\gi - 

< 3e. 

Likewise, 

II/+ - < II/+ - g2\\m + 1^2 - T-j^g2\\H^ + I|7)rff2 - 

< II/+ - g2\\m + V2il - Reh{0))^/^\\g2\\H^ + \\g2 - 

< 3e. 

Now T^iTj^f) = = Tj^iTaif^)) = Ta{Tj^{f+)), so by Theorem [23] we have T^/ G ^(6) and 

(r^/)+ = r^(/+), and 

11/ - Tj^fWhib) = 11/ - + II/+ - r^/+||i2 < 9e2 + 96^ < (56)2. 

Finally, using Lemma 14.31 we have 

11/ - Ap||„,i, < 11/ - rj/||«,„ + \\Tj;f - Tjph,/,, 

- 11/ “ '^hf\\n{b) + Il^/«l|j7°° 11/ —pWh^ 

< 5e + 6 = 6e, 

as claimed. □ 


5. TOEPLITZ APPROXIMATION IN ^(6) 

Recapitulating the proof of Theorem 14.41 given / G 'H{b), we can approximate it in ^(6) by 
a polynomial of the form T-j^p, where h G H°° and p is a polynomial. Indeed, by the triangle 
inequality, 

11/ - rpplk,,) < 11/ - Tj/||«,„ + ||Tj/ - Tiphfi,)- 
The first term on the right-hand can be made small by choosing h with ||/i||//oo < 1 and /i(0) 
sufficiently close to 1. If, in addition, h G aH°°, then the second term can be made small by 
choosing p sufficiently close to / in for example a Taylor partial sum of /. 

This construction presupposes that b is non-extreme. Indeed it must, since otherwise T-L{b) may 
well contain no non-zero polynomials. However, the fact that ||/ — T-j^fW-u^b) can be made small 
remains true even in the case when b is extreme. We isolate the idea in the following approximation 
theorem, valid for all b, extreme and non-extreme. 


Theorem 5.1. Let {hn)n>i be a sequence in H°° such that ||/in||i 7 °° < 1 o,nd lim„_j.oo h,p(0) = 1. 
Then, given b in the unit ball of H°° and f G 'H{b), we have Tj^^f G Ti^b) for all n and 


- f\\n(b} = 0. 


The proof of this result requires a little more background on de Branges-Rovnyak spaces, which 
we now briefly summarize. 
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Let b G with ||6 ||h°° < 1- We define the space 'H{b) in the same way as ^{{b), but with the 
roles of b and b interchanged. Thus T-L(b) is the image of under the operator (I —with 
norm defined by 

11(7 - := WfWn^ {f € Q ker(I - 

The spaces 7^(6) and 7^(6) are related through the following theorem. 

Theorem 5.2 ([6l §11-4]). Let b be an element of the unit ball of H°° and let f G H^. Then 
/ G 7^(6) if and only T-^f G 7^(6), and in this case 

ll/ll«W = ll/llH^ + r,/|li(,). 

The advantage of 7^(6) over Tl{b), for our purposes at least, is that it has another description 
making it a little more amenable. 

Theorem 5.3 ([H §III-2]). Let b G 77°° with ||7||//°° < 1. Let p := 1 — |5|2 on T, let H^{p) be 
the closure of the polynomials in T^(T, pdO/lTr) and let Jp : 77^ H^{p) natural inclusion. 

Then J* is an isometry of H‘^{p) onto T-Lfb). 

Using this result, we can prove a version of Theorem 15.11 for TL{b). 

Theorem 5.4. Let {hn)n>i be a sequence in 77°° such that < 1 and hm„_j.oo h„(0) = 1. 

Then, given b in the unit ball of H°° and f G Tl(b), we have T-p f ^ for all n and 

Proof. Let p := 1 — |6p on T and define H'^{p) and Jp as in the preceding theorem. Given h G 77°°, 
let M/j : H‘^{p) —)• H‘^{p) be the operator of multiplication by h, namely M^g := hg {g G H‘^{p)). 
Note that M^Jp = JpT^, so, taking adjoints, we have 

(9) j;m*^ = Tj^j;. 

Now let / G 7^(6). By Theorem 15.31 there exists g G H^{p) such that / = J*g. Using ([9]), 
we have T-^ f = T-^ J*g = J*Mf^g. As J* is an isometry of H'^{p) onto TLib), it follows that 
T-j^^f G TLib) and that 

It therefore remains to show that hm„_).oo \\Mf,^g — gWn'^^p) = 0 for all g G 77^(p). It suffices 
to prove this when g G 77°°, because 77°° is dense in 77^ (p) and the operators are uniformly 
bounded in norm (by 1). For g G 77°°, the same proof as that of Lemma 14.21 gives that 

WMU - gWhip) < 2(1 - Reh„(0))||p|||,^, 

and as the right-hand side tends to zero, the proof is complete. □ 

Finally, we deduce the corresponding result for Tl{b). 

Proof of Theorem \5.1\ Let / G 7^(6). By Theorem 15.21 we have T^/ G Ti(h). For each n, we have 
T-jfT-j^^f = Tj^^T-^f G 7^(6), and hence Tj^^f G 7^(6). Also, by Theorem 15.21 again. 

\W - fW'im = \\TtJ - /111. + IRi. V - vill(S)- 

The second term on the right-hand side tends to zero by Theorem 15.41 The first term tends to 
zero by Lemma 14.21 and the density of 77°° in 77^. □ 
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